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ON THE HIGHER ORDER EXTERIOR AND INTERIOR 
WHITEHEAD PRODUCTS 

MAREK GOLASINSKI AND THIAGO DE MELO* * 


Abstract. We extend the notion of the exterior Whitehead product 
for maps cu : EA; —> X; for i = 1 ,,n, where EA; is the reduced 
suspension of A; and then, for the interior product with X; = J mi (A) 
as well. The main result stated in Theorem 13.101 generalizes 1121 The¬ 
orem 1.10] and concerns to the Hopf invariant of the generalized Hopf 
construction. 

We close the paper applying the Gray’s construction o (called the 
Theriault product) to a sequence Xi,..., X n of simply connected co-H- 
spaces to obtain a higher Gray-Whitehead product map 

: E n_2 (X'i o • • • o X„) -»■ Ti(Xi,..., X„), 
where Ti(Xi,.. ., X n ) is the fat wedge of Xi,..., X n . 


Introduction 

Porter has generalized the Hardie’s construction from m and intro¬ 
duced the notion of the n th order generalized Whitehead product of maps 
a'j : EAj — > X for i = 1,,n, with n > 2 which is very useful in many 
mathematical constructions. For example, given a simplicial complex K on 
n vertices, Davis and Januszkiewicz |7j have associated two fundamental 
objects of toric topology: the moment-angle complex Zk and the Davis- 
Januszkiewicz space DJk■ The homotopy fibration sequence 

n 

Z K ^ DJ k -> n CP°° 

2=1 

and its generalization have been studied in m and [T4J, respectively to show 
that Cj : Zk —> DJk is a sum of higher and iterated Whitehead products 
for appropriate complexes K. 

Next, let ,F(M n+1 ,m) be the Euclidean ordered configuration space. By 
Salvatore [251 Theorem 7], the homotopy type of J r (M n+1 ,m) for n > 2 
admits a minimal cellular model 

* = Ao C X n C X r 2 n C ... C X mn 
whose cells are attached via higher order Whitehead products. 
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Hardie m has made use of the reduced product spaces J m (X), defined 
by James in [T5], to study the interior Whitehead product of maps ct* : 
§ ki —>• J mi (X ) with k i, mi > 1 for i = 1,..., n as an element (or, ..., a n ) € 
7Tfc_i( J m (X)), where k = ki + - ■ ■+k n and m = m\ + - ■ ■+m n — min {mj. In 

l<i<n 

addition, by means of the generalized Hopf construction from [12], for a given 
map F : § fcl x • • • x E> kn -A J(X) strongly of type (aq,..., a n ) m_1 , Hardie 
has dehned an element c(F) € iTk+i (SX) and in particular, an element of 
order p in 7T2 P (S 3 ) analysed in m- 

The main result on the triple spherical Whitehead product from m has 
been generalized in |8j into suspensions. After necessary prerequisites exhib¬ 
ited in Section HI we extend the notion of the exterior Whitehead product for 
maps oti : XA* -a- for i = 1,..., n, where is the reduced suspension 
of A % and then, for the interior product with A* = J m% (X) as well. Next, 
some properties of these products are presented in Section [21 

James has shown [16] that, with the exception of the toric constructions 
of Toda [27j, the usual procedures for the construction of generators of ho- 
motopy groups of spheres give rise to no more elements that can be obtained 
by the Hopf construction together with the operation of composition (the 
Toda bracket). We follow Hardie pE2] to adapt the necessary results on gen¬ 
eralized Hopf construction. First, we list in Section 13.11 some properties of 
the separation map d(u, v ) : XA —> Y of maps u,v : Cf -» Y defined on the 
mapping cone Cf and studied in [28], for a given map / : A —> X. Then, 
the main result stated in Theorem 13.101 generalizes [121 Theorem 1.10] and 
concerns to the Hopf invariant of the generalized Hopf construction. 

Recently, Gray has dehned in [S] a functor o (called the Theriault product) 
in the category CO of simply-connected co-Fl-spaces and co-JJ-maps, and 
also a natural transformation X o Y AlVh generalizing the Whitehead 
product map. 

In Section 13.21 we close the paper making use of the Gray’s construc¬ 
tion [9] to a sequence X],..., X n of simply-connected co-iJ-spaces and a 
fiber sequence from [20] (as in the paper urn to obtain a higher Gray- 
Whitehead product map w n : S n-2 (Ai o • • • o X n ) —> T\ {X \,..., X n ). where 
T\ (X \,..., X n ) is the fat wedge of X \,..., X n . The map w n is used to intro¬ 
duce higher order Whitehead product for maps dehned on co--H-spaces. Its 
basic properties and applications extending those from [9] will be presented 
in a forthcoming paper. 
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Finally, we discuss some connections, via the interior Whitehead prod¬ 
uct, of the James construction with the symmetric product and then with 
projective spaces F P n , for F = R, C or HI as well. 

Acknowledgement. The authors would like to warmly thank Michael J. Hop¬ 
kins for his helpful conversations on the maps J n (§ 2 ) -A C P n studied in 
Section [3721 The first author is indebted to the Institute for Mathematical 
Sciences, the National University of Singapore for a support to attend the 
Conference Combinatorial and Toric Homotopy (Singapore, August 23-29, 
2015) in honour of Frederick Cohen and present main results of this paper. 

1. James construction and Hopf invariant 

In this work all spaces are based, have the homotopy type of a Cl^- 
complex and we do not distinguish between a based map and its homotopy 
class. Given a well-pointed Hausdorff space (A",*), the James construction 
J(X) is the free associative monoid on X with * as unit. More precisely, 

X Tl 

from na, for each n > 1 let J n (X) be the quotient of X x • • • x X, where 
(x'i,..., x n ) ~ (x \,..., x' n ) provided they are equal after removing any oc¬ 
currence of *. Then, J{X) = lin^ J n (X). where X = J\(X) C J 2 (X) C ■ ■ ■ C 
J n (X) C J n _ |_i(X) C ... is the James filtration. Given / : X —y Y, there are 
maps J n (f) ■ Jn(X) —> J n (Y ) for n > 1 and J(f) : J(X) -A- J(Y). Further, 
there are natural multiplication maps 

l^m,n{X^) J m ( y X ) X J n (^X^) > Jm+n{X) 

and 

H(X) : J{X) x J(X) -A J(X) 
defined by the juxtaposition. 

Let rjx ■ X —> HSA and ex '■ HHX — > X be the canonical maps deter¬ 
mined by the pair of adjoint functors £ and H. 

By m Chapter VII], there is a canonical multiplicative extension 

X -—-» USA 

J(X) - 

where Cl'X denotes the Moore loop space of X. Consequently, there is 
a homotopy equivalence cf>x ■ J(X) I2£A with the adjoint map if>x ■ 
T,J(X ) — > TiX. Writing tt(X,Y) for the set of homotopy classes of maps 
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from A to Y, we have a commutative diagram 

<t>x 


n(A,J(X)) 


4>x* 


>n(A,nZX) 

Adj 

At r(EA,EA) 


tt(EA,EJ(A)) 

for any pointed space A. Also, by m there is a homotopy equivalence 

EflEA V EA Am , 

m> 1 


where A Am denotes the iterated smash product X A • X ™ A A. Then, for each 
m > 1 consider the composition 

EflEA V EA Am -^A EA Am 

m>l 

where p m : V EA Am -A £X Am is the projection map. 
m>l 

By the adjointness, we obtain the m th Hopf-James invariant 


Hm ■ ^E X -A OEA Am 


which induces (again by the adjointness) a map 

h m : tt(EA,EA) -a 7r(EA,EA Am ) (1) 

for any pointed space A. 

Recall that: 

1. EzxYr/x = idsx; 

2. i/j x = esxE^x; 

3. 4>x = {^x)vj{xy, 

4. </>xjx = vx ; 

5- 'ipxYjx = idsx, 

for the embedding map jx ■ X ^A J(A). 

Now, let q : J(A) -a J(A Am ) be the combinatorial extension (see e.g., 
|6j for its construction) of the quotient map q m : ( J m (A), J m -i (A)) -A 
(A Ara , *) which collapses J m _i(A) to * for m > 1. Given a map / : EA -A 
EA, we write / = (f if)rjA and get the following formula for the Hopf-James 
invariant: 

h m (f) = esA^(S</>xA™#Y 1 )(EH/)Er/A = ^ X Am(Eg^)“ 1 )E/. (2) 


2. Generalized exterior and interior products 

Given the spaces Ai,...,A n , write A = (Ai,...,A n ). Let T % (A) be 
the subspace of Aj x ■ ■ • x X n consisting of those points with at least i 
coordinates at base points. In particular, Tp(A) = Ai x • • • x X n and 
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T n ~i (X) = X\ V • • • V X n . Denote by A(X) the smash product X\ A • • • A X n . 
Notice that for or maps a* : AQ -A Y) with i = 1 ,n, the induced map 
«i X • ■ ■ x a„ : Tn(X) —X Tq(Y _) restricts to maps 


Ti(a) : Ti(X) -> TjQQ 


for i = 1,..., n, where a = (on,..., a n ). 

Given a space X, write CX for the cone of X and notice that there is 
a canonical embedding lx '■ X <^a CX. According to [T91 Theorem (2.3)] 
there is a (up to homotopy) pushout 


S n_1 A(A) —x Ti(EA) 

p 

CY n ~ l k(A) T 0 (SA). 


(3) 


Hence, we have the cofibre sequence 


E n_1 A(A) Ti (YA ) -a T n (YA) 


and write 

v Un : Tx(M) C Un CYA~ l A{A) ^x T 0 (SA) 


for a homotopy equivalence. This yields the commutative (up to homotopy) 
square 


CE^A^A) ——A T 0 (EA) 

P s 

E n A(A) —x A(T,A). 


(4) 


where A : E n A(A) —x A(5L4) is a homotopy equivalence. 


Definition 2.1. The exterior Whitehead product {or,... ,a n } of maps a* : 
T,Ai —x Xi for i = 1,..., n with n > 2 is the composition 

Ti(a)u n : E n_1 A(A) -A Ti(A). 


If Ai = S mi is the m^-sphere with rrii > 1 for i = 1,..., n then {a \,..., a n } 
has been defined by Hardie in m- In the sequel, we refer to such a product 
as the spherical one. 

From the above, we derive that {a±, ..., a n } = 0 if and only if there is a 
map T' : Tnl SA ) —x Ti(X) such that the triangle 

Ti(M) Tl( ~ } > T i(20 

■A V, 

^T' 

T 0 (M) 

commutes (up to homotopy). 
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Proposition 2.2. Let a t : T,Ai —> Xi be maps for i = 1 ,n. 
(1) If a.i 0 = 0 for some 1 < io < n then 

{or, ■ ■ ■ , — 1? . • • , ii, 


(2) £*{ai,... ,a n } = 0, where £* is the suspension homomorphism. 

Proof. (1): In virtue of Proposition I2.f]ll)[ we can suppose that iq = 1. 
Define T' : T 0 (XL4) -A TfiXf) by T'(ai, ..., a n ) = T 1 (a)(*,a 2 , ■ ■ ■ ,a n ) for 
any (ai,... ,a n ) £ To CEA ). Then, T' is an extension (up to homotopy) of 
Ti(a) and the result follows. 

(2): this is a direct consequence of (El Corollary (4)]. □ 

We present below some further straightforward properties of the exterior 
Whitehead product and follow m to generalize the interior one. First, in 
view of (19., Definition (2.10)], we say that two maps /,g : Ti(5L4) —>■ X 
are compatible off the i th coordinate if they coincide on ( 2L4 ), where 
T 0 W ( T.A ) = TfAi x • • • x x T>Ai + 1 x • • • x TiA n is canonically embedded 

into T\ ( £h4 ) for i = 1,..., n. 

In addition, if Ai 0 is a co-iF-group with a comultiplication v lQ : Ai 0 —> 
Ai 0 V A io then we follow | [T9l Definition (2.11)] to define: 

(/ + (,o) ..., (t io ,a io ),..., (t n , a n )) 



f((t i,ai),..., (t io ,a- 0 ),..., (t n ,a n )), if v io {a io ) = (a' Q ,*); 
3 ((fi,ai),...,(f* 0 , a" ),..., (f n ,a n )), if v io {a io ) = (*,a"). 


Suppose that there are maps T\ (o'). T\ (a") : T\ ( T.A ) —» T\ (X) with 
of = (cci,..., a' o ,..., a n ) and a" = (or,..., a" ,..., a n ) which are clearly 
compatible off the io th coordinate. Then, T\ {of ) +h°) T\ (a") is defined and 
by means of an appropriate version of [T9 . Theorem (2.13)], we can state: 

Proposition 2.3. If cc, : T,Ai —> Xi are maps for i = l,...,n and Ai 0 
is a co-H-group for some 1 < io < n then the exterior Whitehead product 
satisfies: 

(1) {oi \,..., ,... , Q: rl }T{Qu,... , cq o ,... , oi n { {pi , • • • , £L 0 ? ■ ■ • ? 

(2) {oil, ■ • • j OIiq ,.. • , {gr • • • , Olnf • 

Certainly, item above is easily deduced from item IH 
We note that Proposition 12.31 has been shown in m for the spherical case 
using the star product * studied in |5]. 


Let 0i : Xi -A T 2 (X) and (X) -A T 2 (X) for i = 1,..., n be 


the canonical embeddings. Given a* : T,Ai -a Xi, we can consider the 
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compositions OiCti and ^^{ar,..., a n }W, explicitly defined by 


VAi T 2 (X) 


and 




£ n “ 2 AW(A) ^ rfhEA) Tl -- - ) > T} i} (X) ^-a T 2 (X) 
for i = 1,..., n, respectively. 




Remark 2.4. In the sequel, given a permutation <r £ S'™ of the set {1,..., n} 
we write 

d : A\ A • • • A A n -A A a ^ A • • • A vl CT ( n ) 
for the associated homeomorphism. 

Following the results from m Section 2] on the spherical exterior White- 
head product and the generalized [8J Lemma 4.1] boundary Nakaoka-Toda 
operation formula m Lemma (1.2)], we may state: 

Proposition 2.5. (1) If a £ S n is a permutation then 

(S d) , • • ■ i Q a{n )} g{qii i ■ ■ ■ i ^n} 

where a : T\ (X) ^a T\ ( aX ) is the homeomorphism induced by a. 

(2) The exterior Whitehead product satisfies the Jacobi identity 

n 

{a i,... ,a n } w ] = 0 

i= 1 

in n(Y n ~ 2 A(A),T 2 (]Q) where dj : Ai A AW(A) ^A A(A) is induced 

by an appropriate <Tj £ S n for i = 1,..., n. 

(3) If /,; : Xj -A \\ are maps for i = 1,..., n then 

{./1G1: ■ • • i /nGn} = T\ (/){Gl, • • • , G n }, 

where T x {f) : Ti(X) ?i(y). 

(4) Let : Bi -a Ai and ai : £Aj -a Xj be any maps for i = 1,..., n. 

Then, the following Whitehead identity holds ( cf . 13. (2.4)] and [291 

(3.59)]): 

{aiS/3i,... ,a n Yfi n } = {or,..., a n }£ n_1 (/\ A • • • A fi n ). 

The Jacobi identity stated in Proposition !2.f|F2)| has been also considered 
in m Corollary 1.9] with a different approach. 

Let J n (X) be the n th stage of the James construction J(X) of a topo¬ 
logical space X. Given m* > 1 for i = 1 ,n with n > 2, write m = 
(mi,..., m n ) and let J m (X) = (J mi (X), ..., J mn (X)). Set m! = mi + 
• • • + m n and m" = ml — min {mA and note that there is an inclusion 

l<t<n 
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J m tt{X) <^a J m '{X). Next, consider the canonical multiplication ji m (X) : 
To( J m (X)) —> J m ,(X) which restricts to a map 


Mm(^)|Ti( J m (X) ) : Ti(Jm(X)) -A J m "(X ) 
commuting the diagram 

MmW| Tl (J m (X)) , , 

T\ (J m (X) ) - - » Jm" (X) 


r 0 (J m (x))-—-> Jm'(x). 


Definition 2.6. The interior Whitehead product (au,..., a n ) of maps ct* : 
TfAi —> J mi (X) for i = 1,..., n is the composition 


E^AQl) 


{ai ’"" a " } > Ti(J m (X)) 


Mm(A')| Tl( j mP0) _ , 

- > J m »(X), 


and thus (or, ..., a n ) G 7r(S n 1 A( ; A), J m //(X)). 


Now, consider the composite maps a[ : EA* J mi (X) ^A J m "(X) 
for i = 1 ,...,n. Then, notice that (a\,... ,a n ) represents an element of 
the higher order Whitehead product [a \,... , considered in m- Thus, 
applying US Theorem (2.1)] for any map / : J m //(X) -A Y it follows that 

/*(«!,...,«„) G /*K, ■ ■ ■ ,«n] ^ (5) 

The following properties of the interior Whitehead product are easily 
obtained from Proposition 12.51 


Corollary 2.7. (1) Let o G S n he a permutation of the set {1,... , n}. Then 

(^<r(l) j ■ • • : ^cr(ra) ) (^1 j • • • ; ? 

where d : A (A) —> M &A ) is the associated homeomorphism. 

(2) Denote by 5i : J mi (X) ^A J m *(X) the inclusions for i = l,... ,n, 

where m* = m' — min {m,j + m^}. The interior Whitehead product 
j<k 

satisfies the Jacobi identity 

n 

(S n ~ 2 o- i )*[(5ia i , (ai,..., a n ) W ] = 0 

1=1 

as an element of Tr(T, n ~ 2 A(A), J m * (X)). 

(3) If f : X —> Y is any map then 

(Jmi (/jOR; • • ■ > Jm n (f)o / -n) = Jm" (/) 1; ■ ■ • > ®ra) • 

(4) The following Whitehead identity holds: 

(aiS/?i,... ,a n S/3 n ) = (or,..., a n )S n ^ 1 (/3i A • • • A /3 n ). 
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Remark 2.8. If n = 2, Corollary I2.7|t2)| is tli6 result stated in 111 Theo¬ 
rem (5.4)] and [ 251 Theorem 1] (corrected in [23])• 

3. Generalized Hopf construction 

Let A = (Ax, ■ ■ ■ ) H n ) be a n-tuple of pointed spaces. From [22] Satz 19] 

there is a homotopy equivalence ETq(A) ^4 \J E f\ A t , where N runs 

N i£N 

through all non-empty subsets of the set {1,... ,n}. By the other hand, 
Hardie has constructed in [12] a particular homotopy equivalence which pos¬ 
sesses some useful properties. The Hardie’s construction uses a right lexico¬ 
graphic order between some subsets N. More precisely, for each i = 1,..., n 
let C{ = (”) be the binomial coefficient. For k = 1,... ,c*, denote by N i: k 
the k th subset of cardinality i in the ordered sequence 

{1,..., i} < ■ ■ ■ < {n - (i - 1),..., n - 1, n}. 

Let W(A) = \/ £ A Ai. Following [12, (2.2)] and making use of the 

N ieN 

co-lL-structure on T,To(A), we define 

n Ci 

0=EE Oi,k : SToU) -A W(A), 

i =1 k=l 

where 

0^ : £T 0 (H) ^ £ A Aj^W(A) 

jeN i:k 

is determined by suspending the collapsing map Tq (A) -a /\ Aj and 

jeN itk 

composing with the inclusion map £ /\ Aj ^4 W(A). 

Theorem 3.1 ([12J Theorem 2.3] (cf. [22i Satz 19])). The map 6 : £ToCd) -a 
W (A) is a homotopy equivalence. 

Recall that given any based map F : A\ x A 2 —> Z, the Hopf construction 
on F leads to a map H(F) : £(Hi A A 2 ) -4 EZ which is given by the 
composition 

E(Ai A A 2 ) 4 E(A t x A 2 ) ^ EZ, 

where 5 : E(A\ A A 2 ) —> E(A\ x A 2 ) is determined by the canonical section 

<5 

-k ~~ — 

of the cofibration E(A\ V A 2 )^ -> £(Hi x A 2 ) - > E(A\ A Hi). 

Denoting by 1 : £A(H) ^4 W(A ) the obvious inclusion, the composite 
map 

5 : £A(A) 4 W(A) ^ ET 0 (A) 
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yields a section of the cofibration 

s 

■M 

ETi(A)c-> ET 0 (A)- v EA(A) 


which leads to a homotopy equivalence 

ETi (A) V XA(A) XT 0 (A). 


For the n-tuple EA, the map <5 : SA(EA) —» STn( XA ) might be also 
described as follows. Given any map f : A —>■ X, we have a cofibration 
I 4 Cj -> XA, where C/ is the mapping cone of /. Write ix '■ X ^A 
Cf and icA '■ CA -A Cf for the canonical maps, t\ : Ce/ —4 EC/ and 
t 2 : CXA ^4 ECA for the canonical homeomorphisms. Thus, t\icy,A = 
(Si CA )r 2 : CEA -4 EC/. 

Notice that for the constant map c : A — > * there is a canonical homeo- 
morphism u c : C c ^A EA. Next, given a commutative square 


A' —^4 X' 


a 

A 


TX, 


( 6 ) 


the universal properties of the mapping cones Cf and Cf lead to a map 
7 (/',/) : C// -4 C f with 7 (f, f)i x > = ixfi and 7 (fJ)icA' = icACa. 
Further, the diagram 


X'<- 


4 C 


f 


7 (/',/) 


X^- 




->cv 


7TX 


4EA' 

Ea 

4EA 


(7) 


commutes, where ttx' : C// —> EA' and nx : Cf a EA are the projection 
maps. 

Now, because of a section XTn( XA ) -4 ETi ( EA ) for the inclusion map 
ETi(EA) A XTo(EA), the map Ew n : E n A(A) -4 ETi ( EA ) is trivial (cf. |191 
Corollary (4)]). Consequently, there is a commutative diagram (up to ho¬ 
motopy) 


A(SA)---> * 

A” 1 

E n A(A) —^4 ET (EA), 


( 8 ) 


where A : E”A(A) — > A(XA) is given by ©. It follows from diagrams © 
and © that there is a map y(c, Xcj n ) : C c -A- C^ CJn which yields 

r : EA (EA) C c C^ n ^A T,C Un ET 0 (EA). (9) 
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Hence, we have got: 

Proposition 3.2. The maps 5,t : HA(HA) -A HTnf HA ) coincide. 

The generalized Hopf construction on a based map F : To (A) —> Z is the 
composition 

H(F) : HA (A) A W(A) ^A H T 0 (A) ^ HZ. 

In particular, for Z = J(X ) Hardie has dehned in [12] the element 
c(F) = ip x H{F) € 7 r(HA(A),HX). 

By the adjointness, we obtain 

5(F) € ir(A(A),QEX). 

From ©, for each m > 1 , we have 

hm(c(F)) €7r(HA(A),HX Am ) 

and by ©, it holds 

h m (c(F )) = y 1 )Hc(F). (10) 

Given based maps a* : Aj —>• J(X) for i = 1,..., n, let X' = //(X)To(a) : 
Tq(A) —>■ J(X). From [12], Corollary 3.4], c(F') : HA(A) -A HX is trivial. 

3.1. Separation map. Given a map / : A —> X, suppose that u,v : Cf —> 
Y are maps such that uix = vix- From [28l Section 3], there is a map 
w : H A -A- Y defined by 

f u(a, 2 t), if 0 < t < 

w(a,t) = < ' 

[f(a, 2 — 2 t), if 5 < t < 1 

for (a, t) € HA, called the separation map ofu,v and denoted by d(u,v). 

Remark 3.3. If pi,p 2 ■ CA -a HA are given by pi(a, t ) = (a, |) and P 2 {a, t ) = 
(a, pp) for a £ A and 0 < t < 1, the separation map w = d(u,v ) satisfies 
wp\ = uicA and wp 2 = lAcvi- Further, the map re : HA -a Y is uniquely 
determined by these two properties. 

Lemma 3.4. If u,v : HA -a Y then d(uv c , vv c ) = u — v. 

Proof. If u, v : HA -a Y then uv c , vu c : C c —> Y satisfy uv c ix = vv c ix and 
so w = d(uu c , vv c ) is defined. Thus, for any (a, t) £ HA it holds 

{ wpi(a,2t) = uv c icA(o-,2t) = u(a,2t), if 0 < t < ^, 

wp 2 (a, 2 — 2 1) = vv c icA(a, 2 — 21) = v(a, 2 — 21 ), if \ < t < 1 , 
= (u — v)(a, t). 

Hence, d(uu c , vu c ) = u — v : HA -a Y" and the result follows. □ 
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If f : A' —> X' , / : A -A X and u,v : Cf -A Y satisfy uix = vix such 
that w = d(u, v) : YA -A Y is defined, then it is clear that wy(f', f)ix’ = 
v r y{f,f)ix i and w' = d(u^(f,f),v^(f,f)) : YA’ -A Y is defined as well. 
To simplify notation, we write simply 7 for 7 (/', /) in the rest of the paper. 
We claim that: 


Lemma 3.5. d(iry, 117 ) = d(u,v)Ya. 


Proof. The separation maps d(u, v ) and d(u' 7 , v'y) are defined by means of 

u(a, 2 t), if 0 < t < \, 
v(a, 2 — 2 f), if 5 < t < 1 


u;(a, t) = 

for (a, t) € XA and 

w'(a',t ) = 


117(0', 2f), if 0 < t < 

117(0', 2 — 2t), if d < t < 1 

for (a',t) € XA', respectively. Then, 

fu(a(a'),2i), if 0 < t < 

(wYa)(a ,t) = < 

[u(a(a'),2 — 2f), if 5 < t < 1 

for (o', f) E XA'. Because 'yicA 1 = icACa , we derive that 11/ = wSa and 
the proof follows. □ 


Denote by a : X 2 A X 2 A the homeomorphism defined by (s, (s', a)) i-a 
(s', (s, a)) and notice that fa = —/ for any map / : X 2 A -a X. Since 
v! = (Yu)ti and v' = (Xu)ti : C^f —>• ST satisfy u'i-zx = v'i-zx the map 
w' = d(u',v') : X 2 A -a ST is defined and satisfies w/p) = u'ic"EA and 
w'p' 2 = v'icnAi where p(,/if, : CXA -a X 2 A are maps as in Remark 13.31 
Then, we can state (cf. [12L Lemma 4.1]): 


Lemma 3.6. d((Xu)ri, (Xu)ti) = (Yd(u, v))d. 

Proof. Just observe that (Xpi)r 2 = dp) and then the equalities u/p) = 
( Yiu)T\icY,A = Yu(Yiqa)t2 = (Ywpf)T2 = (Yw)ap' l and similarly w'p 2 = 
( Yw)ap' 2 imply the result. □ 

Next, if it, v : Til ( YA ) -a Y coincide on T\ ( XA ) then there exist the 
separation maps d(uv Un ,vv Un ) : Y n A(A) -A Y and d(Y(uu UJn )T\,Y(w b:n )T\) : 
X n+ 1 A(A) -A XT. Thus, the diagram (JHj). Lemmas 13.51 and 13.61 lead to: 


Corollary 3.7. If 7 = 7 (c, Ew„) : C c -A Cs Wn tden 

d(S(itz/ a , n )ri 7 , S(w u , n )r 1 7 ) = (Yd(u, i/))dXA _1 
in vr(XA (XA),Xy). 
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To state the main result of this section, we recall from [T2j the notion of 
a map of a strongly type. 

Definition 3.8. Given ati : Ai — > J m -{X ) for i = 1 we say that 

F : T 0 (A) —» J(X ) is strongly of type (or,... , a n ) fe if its image is contained 
in Jk(X) and coincides on T\ {A) with F' = p m (X)To(a) : To(A) J m (X), 
where a = (a±, ..., a n ), m = (mi,..., m n ) and m = mi + • • • + m n . 

Lemma 3.9 (cf. [121 Theorem 1.8]). Let F : Tn( E-A ) —> J(X) be a map 
strongly of some type. Then f>xd{F'v uln ,Fi/ uln ) A -1 = c(F). 

Proof. Let F' : Tq( TA ) — > J(X) be a map as in Definition 13.81 and let 
7 = y(c, Tuj n ) : C c —>• as in Corollary 13.71 By d2D and Proposition 13.21 

(Ez^Jriyi^ -1 = t = 5. Then, 

= ^d(£(^On, S^Jr^SA- 1 
= V’xd(S(i ?1 V a , ?i )Ti7, S(F^„)n7) 

= d(V’x(SF')(Su a , n )Ti7i/“ 1 ^ c ,V’A'(SF)(Si/ a;n )Ti7P ( r 1 i/ c ) 

= d(c{F')v c , c(F)u c ) 

= c(F')-c(F). 

Since {T,d{F'v tJJn ,Fv U}n ))d = —Y,d(F'vu n ,Fvu n ) and c(F') = * ([12, Corol¬ 
lary 3.4]), we get / ipx(T,d(F , i' uln , Fz/ u , n ))SA _1 = c(T) which certainly implies 

This completes the proof. □ 

We finish this section with a generalization of [121 Theorem 1.10] as the 
main result. 

Let q m : ( J m (X ), J m _i(X)) —> (X Am , *) be the quotient map and denote 
by q : J(X) —>• J(X Am ) its combinatorial extension. Given on : TAi —>• 
J mi (X) for i = 1,..., n, we obtain the maps 

and the suspension of their smash products leads to 

S(g mi a 1 A • • • A q mn a n ) : S n+1 AQ4) -A SX Am , 
where m = mi + • • • + m n . 

Theorem 3.10. If cq € 7r (EAj, J mi (X)) fori = 1 ,n and F : Tp( T,A) -A- 
J(X) is strongly of type (or,..., a n ) m_1 f/ien 

/im(c(F)) — A](g m iO;i A • • • A qm^^n)■ 
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Proof. In view of (1101) and Lemma 13.91 we have 

h m {c(F)) = V’xAmS(#^- 1 )Ec(F) 

= ip x *rnY,(q(fx 1 )T,((f)xd{F'i>u n ,Fv u}n ) A -1 ) 
= i/> X Am(Sd(gFV aJri ,gFi/ a;n ))SA _1 . 


Since F(Tq CEA )) C J m _i(X) and q is the combinatorial extension of q m then 
qFu Uri = *. So w = d(qF'i' lJJri ,qFi' UJri ) ■ F n A(A) -A J(X Am ) satishes wp± = 
qF'Q n and wp 2 = *. Consequently, there exists w' = w such that w'p = 
qF'Q n , where p : CF n ~ l A(A) -A £ n A(A) is the map from diagram Q. 

Next, consider the following commutative diagram 

C'E n - 1 AGA) > T 0 (5L4) F ' > J m (AT) c -> J(X) 


p 

F n A (A) 
V_ 


s 


*A(FA) 



qm q 

a x Am <- JxAm > J(X Am ), 

_A 


where F" is determined by F"s = q m F' and the other maps were already 
defined in the text. Hence, h m (c(F)) = ifx Am {T,d(qF'u UJn ,qFu t j n ))'E A 1 = 
tpx Am (Sjx Am F"\)Yj\~ 1 = i/ ; x Am (Al jx Arn F'') = TiF". 

Since F' = /i m (X)7o(a), the commutativity of the diagram 


—-> T 0 (J m (X)) — 1 > J m (X) 


| To (9m) 

To(9m)To(a) 

7o(SA)-=-> Tq(X^) 


AQL4) 


-A X Am <■ 


Qm 


where q m = (q mi ,..., q mn ) finishes the proof. 


□ 


Let oii : TiAi A 1 be maps for i = 1,..., n. If (or, ..., a n ) = 0 then 
there is a map F : Tp( FA ) -a J(X) strongly of type (aq,..., a ri ) Tl_1 . Thus, 
the generalized Hopf construction yields a map c(F) : SA(SA) -A T,X and 
Theorem 13. 101 supplies a criterion to check if the map c(F) is non-trivial. 


3.2. Miscellanea. Fix n > 2 and suppose A{ = A for i = 1,..., n. Denote 
by idsA : FiA -a J\ (EA) the identity map and by p n (EA) : To ( FA ) -a 
J n (FA) the quotient map. For the sequences m = (l,. x .”,l) and idsA = 
(idsAj , idsA) the map p n (Y>A) factorizes as 

Pn(FA) : T 0 (M) To( ^> To(J m (EA)) J n (£A) 
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and restricts to /0n(^^4)|Ti(EA) : Jn- i(E-A). This leads to a (up 

to homotopy) pushout 


p„(EA) iti(£A) 

Tl(M) -J„_i(EA) 


p„(EA) 


4 JnCEA). 


T 0 (M) - 

Taking into account the pushout diagram Q, we get a (up to homotopy) 
pushout 


E n_1 A( i 4) <ldsA,X ' n ’ ldsA> > J n _i(SA) 


C'E"- 1 AG4) -- J n (SA) 

which yields the following result ( [311 Proposition 1.1.1]): 


( 11 ) 


Proposition 3.11. Let A be a pointed space. Then there is a ( functorial ) 
cofibre sequence 

£ n - 1 A (A) P - n(SA)|Tl( — )a; - n > Jn-i(SA) -a J n (£A). 

Thus, f/ie cofibre sequence 

Jn-i&A) -a J n (EA) -a A(£A) 


is principal. 


Given simply-connected co-H-spaces Xi,X 2 , Gray [5] has defined the 
Theriault product X\ o X 2 being a retraction of E(flXi A LIX 2 ). If 

Xi oI 2 ^ E(fiXi A QX 2 ) A X, o X 2 

are maps with = id.YioX 2 then the homotopy fibration 

£(OXi A nX 2 ) A Xi V X 2 AliX X 2 

determines a natural transformation 

w 2 : Ad o X 2 E(nXi A flX 2 ) X l V X 2 

generalizing the Whitehead product map. 

We make use of the Theriault product to define the higher order Gray- 
Whitehead product for co-H-spaces X\,..., X n . As in [10, Section 3], we 
start recalling that Porter m Theorem 1] has shown that there is a homo¬ 
topy fibration 


S n ~ 1 A(OX) -A TfiX) -A T 0 (20- 
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Because Xj are co-iL-spaces, there are coretractions zzj : Xi —>• EDXj for 
i = 1,... , n. Define the higher Gray-Whitehead product map 

w n : (X 1 o X 2 ) A X 3 A ■ • • A X n —)• T^X) 


as the composite 


(Xi oi 2 )ai 3 a-ai b 


C/\U 3 A---Av n 


> 


E(fiXi A nx 2 ) A EDX 3 A • • • A EDX n = E n_1 A(JlX;) -► Ti(2Q. 


Notice that, by means of the above, basic results presented in previous 
sections might be generalized replacing suspended spaces by co-iL-spaces. 
Applying 13 Theorem 1], the inductive procedure shows that 

(Ax o X 2 ) A X 3 A • • • A X n = S n - 2 (X! o • • • o X n ) 


and consequently 

w n : S n_2 (X 1 o • • • o X n ) -A- Ti(X). 


Now, we make use of the above for the spherical interior Whitehead prod¬ 
uct. Let ai : § fci -A § m be maps with m > 2, ki > 2 for 7 = 1,..., n and 
n > 2. Then, (a 3 , ...,a n ) = 0 in 7r fcl+ ... +fc7i _i(J n _i(S m )) yields a map 
F : § fcl x ■ • • x § fcri -A J(S m ) and the generalized Hopf construction leads to 
possibly a non-trivial map c(F) : § fclH ffen+1 —> § m+1 . 

Next, write t n = id§™, i mn : § n ^a J m (§ n ) for the canonical inclusion 
maps and rj n € 7 r n+ i(§") for generators with n > 2 . 


Proposition 3.12. (1) The element (i n , A™, i n ) is of infinite order provided 
n is odd and m/2 or n is even; 

(2) 7r mn _i (J m _i (§ n )) « Z © 7r mn (S Tl+1 ) and (t n , . x .™, i n ) is a generator 
of the infinite cyclic group; 

(3) [u m - 2 ,ni (7 n , Tv, i n )] = 0 if and only if n = 2 and m is an odd 
prime; this element has order m otherwise; 

(4) ( 772173774 X 2 X 2 X 2 ) = 0 in 7Ti 0 (J 3 (S 2 )); 

(5) ( 772773 ,72,7 2 , 72) =0 in 7T 9 (J 3 (§ 2 )); 

(6) (t? 3 ,77 3 x 3 ) = 0 in 7r 10 (J 2 (§ 3 )). 


Proof, [(lj} follows from 011131126]. 
|(2)| follows from |T; [2B]]. 

ID follows from mm- 
follows from Il3l. 


(4) 


(5) - (6) we make use of the isomorphisms 7rg(§ 2 ) ~ Z 3 and 7Tio(§ 3 ) ~ Z 


and then follow mutatis mutandis the proof of (4) 
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Proposition I3.12|13)| implies the existence of a map F strongly of type 
(bn- 2 , 2 , (^2) i2)) m ^ 2 for an odd prime m which yields, in view of [131 

Theorem 1.5], an element c(F) of order m in 7T2 m (S 3 ). Further, Propo¬ 
sition 13.1^14) - (6) implies also the existence of maps F strongly of types 
(V2V3V4P2P2P2) 3 , ( 7 ? 2 %,i 2 ,i 2 ,i 2) 3 and (%, 773 , i 3 ) 2 , respectively. Then, as 
in m Corollary 1.4] in view of Theorem 13.101 we obtain non-zero elements 
c(F) of 7Ti2(§ 3 ), 7 Th(§ 3 ) and 7ri2(§ 4 ), respectively. 


Write SP n (X ) for the n th stage of the symmetric power of a space X for 
n > 1 and SP(X) = lim SP n (X). Because of the //-structure on SP(X), 
the inclusion map X ^A SP(X) extends to a map 


u(X) : J(X) -A SP(X) 


which leads to a sequence of maps u n {X) : J n (X) -A SP n (X ) for n > 1 . 
Taking rt n _i(S^ 4 )(idsA) - x -”, kLea) we get a (up to homotopy) pushout 


^ n _i A , M n _i(EA)(id EA ,*?,id EA ) 




>SP n _i(EA) 


f/ra ( Y]A)p n 


CYP-'k{A) - " y ““" -► SP n {EA). 


( 12 ) 


Notice that armed with the diagrams CD and CD, the sequence of maps 
u n (T,A) : J n (T,A ) -A SP n (T,A ) above for n > 1 might be derived by the 
inductive procedure as well. 

In particular, this yields a sequence of maps u n (S*) : /^(S 1 ) -A SP n (E> 1 ) 
for n > 1 . On the other hand, the Segre map 

RP m x RP n -A ]jp( m+1 X ri + 1 )- 1 


given by ([x 0 : • • ■: x m ], [y 0 ■ ■ ■ ■: y n \) ^ [x 0 yo ■ ■ ■ x^j :■■■: x m y n \ leads to an 

//-structure on the infinite real projective space RP°°. Thus, the inclusion 
map S 1 = R P 1 A RP°° extends to a map 

^(S 1 ) : J(S 1 ) = SIS 2 -A RP°° 

which leads to a sequence of maps ^(S 1 ) : /^(S 1 ) —> R P n for n > 1. 
Further, the abelian //-structure on RP°° yields the factorization 
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which in turn implies the sequence of maps ^(S 1 ) : .SP^S 1 ) -A MP” with 
commutative diagrams 



for n > 1. Because, by means of m , the space SP n { S 1 ) has the homotopy 
type of the circle S 1 , the induced homomorphisms 77 , (^(S 1 )) are trivial for 
k > 1 and n > 1. 

Let now CP” be the complex projective n-space. By the projective Viete’s 
Theorem (see e.g., 0), it holds SP n (§> 2 ) = CP” and we get a sequence of 
maps rt n (§ 2 ) : J n {§ 2 ) —>■ CP” for n > 1. Notice that these maps are also 
determined by the P-structure (settled e.g., by the Segre map) on CP°° and 
the factorization 

§ 2 <-> CP°° 

P * 

/ 

/ 

/ 

J(§ 2 )" 

Write t n : § 2 ” +1 -a CP” for the quotient map and j n ( C) : § 2 = CP 1 ^A CP” 
for the canonical inclusion. It is known from |2j Corollary 4.4] and [21, Corol¬ 
lary 2] that the set \j n (C), . X .^?P.P, j n (C)] of (n + l) th order Whitehead prod¬ 
ucts contains a single element which is equal to (n + l)! 7 n . Consequently, 
by means of ©, for n > 1 the map u n (§ 2 ) : Jn(§ 2 ) -A CP” satisfies 

n n (S 2 )(r 2 , *<?+}), i 2 ) = \j n ( C), *<?+}), j n (C)] = (n + 1)! 7 „. 

Let now H be the quaternionic algebra and j n (H) : § 4 = HP 1 ^A HP” 
the canonical inclusion. Then, by [8, Remark 4.9(iii)], the higher order 
Whitehead product [j n (H), x .(”+9, ji n (H)] = 0 for n > 2. Hence, an exis¬ 
tence of a map rin.(S 4 ) : J n (§ 4 ) -A HP” with properties as above leads to a 
contradiction u n (§ 4 )(i 4 , . x .^+ 1 .\t 4 ) € . x .(”+. 1 . ) , j„(H)] = 0. 

Let oij : 8> ki -A S 1 be maps with ki > 1 for i = 1,... ,n and n > 2. If 
> 1 for some 1 < io < n then C 7 0 = 0 and certainly (aq,..., a n ) = 0 in 

—hfc n -l('Pn-l(S 1 ))- 

Next, consider maps -A X with ki > 2 for i = l,...,n and 

n > 2, where X = § 2 or MP 2 . Then, u n _i(S 2 )(aq,..., a n ) = 0 provided 

k\ 4-h < 2n. Further, by [3], Theorem 2], it holds SP n (RP 2 ) = MP 2 ”. 

Hence, rt n _i(MP 2 )(aq,... , a n ) = 0 provided £q + ■ ■ ■ + k n < 2n — 1. 
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We observe that [21 Theorem 2] also gives sequences of maps A n (8> 2 ) and 
A n (M.P 2 ) for n > 1, fitted together by the commutative diagrams 


« 4 (§ 2 ) 

A n (§ 2 ) 

C P n - 


> Jn(MP 2 ) 

A„(RP 2 ) 

—> MP 2n . 


In this sense, we close the paper with: 


Conjecture 3.13. Let a, : —> X be maps with ki > 2 for i = 1 ,n 

and n > 2, where X = § 2 or MP 2 . If ki 0 > 2 for some 1 < io < n then 
(«!,. . . ,« n ) = 0 in Tr kl+ ... +kn - 1 (J n -l{X)). 
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